SMOOTHINGS OF FANO SCHEMES WITH NORMAL 
CROSSING SINGULARITIES OF DIMENSION AT MOST 

THREE. 



NIKOLAOS TZIOLAS 

Abstract. In this paper we study the deformation theory of a Fano variety 
X with normal crossing singularities. We obtain a formula for T 1 (X) in a 
suitable log resolution of X and we obtain explicit criteria for the existence of 
smoothings of X. 



1. Introduction 

In this paper we study the deformation theory of a Fano variety of dimension 
at most three with normal crossing singularities. In particular we investigate when 
such a variety is smoothable. By this we mean that there is a flat projective 
morphism / : X — > A, where A is the spectrum of a discrete valuation ring (R, ma), 
such that X ®r (R/itir) = X and X <g>R K(R) is smooth over K(R). Moreover, 
we study when such a smoothing exists with smooth total space X. In this case we 
say that X is totally smoothable. 

Normal crossing singularities appear quite naturally in any degeneration prob- 
lem. Let / : X — > C be a flat projective morphism from a variety A" to a curve 
C. Then, according to Mumford's scmistable reduction theorem [KKMS73J, after 
a finite base change and a birational modification the family can be brought to 
standard form /': X 1 — > C, where X 1 is smooth and the special fibers are simple 
normal crossing varieties. 

Smoothings of Fano varieties play a fundamental role in higher dimensional bi- 
rational geometry. The outcome of the minimal model program starting with a 
smooth n-dimensional projective variety X, is a Q-factorial terminal projective va- 
riety Y such that either Ky is nef, or Y has a Mori fiber space structure. This 
means that there is a projective morphism f:Y—fZ such that —Ky /-ample, 
Z is normal and dimZ < dimX — 1. Suppose that the second case happens and 
dimZ = 1. Let z £ Z and Y z = f^ 1 (z). Then Y z is a Fano variety of dimension 
Ti — l and Y is a smoothing of Y z . The singularities of the special fibers are difficult 
to describe but normal crossing singularities naturally occur and are the simplest 
possible non-normal singularities. 

Moreover, the study of smoothings f:X—>A such that X is smooth, —Kx 
is /-ample and the special fiber is a simple normal crossing divisor, has a central 
role in the classification of smooth Fano varieties [Fu90J. In dimension two T. 
Fujita |Fu90j has described all the possible degenerations of smooth Del Pezzo 
surfaces to simple normal crossing Del Pezzo surfaces and Y. Kachi showed that all 
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these actually occur [Kac07 . As far as we know this problem is completely open 
in higher dimensions. 

It is therefore of interest to study which Fano varieties with normal crossing 
singularities are smoothable. Moreover, in view of the second problem mentioned 
above, the case of simple normal crossing Fano varieties deserves special attention 
too. 

This paper is organized as follows. 

In section 3 we describe the tangent space of the versal deformation space Def (X) 
of a variety X with normal crossing singularities. In particular, we obtain formulas 
for the sheaf of first order deformations T 1 (X) of X. Since X has normal crossing 
singularities, T 1 (X) is a line bundle on its singular locus Z. The main result is the 
following. 

Theorem 1.1. Let X be a scheme with normal crossing singularities with AivaX < 
3 and let Z be its singular locus. Let (f>: X — > X be a birational morphism such that 

(1) (X,1/2Z), Z are terminal; 

(2) K x + 1/2Z and K z are <j)-nef. 

where Z C X be the reduced divisorial part of 4>~ 1 (Z) that dominates Z (such spaces 
do exist). Then 

4>*T\X) = O^Z)®" 1 <g) O x (3E) $ O z 

where E C X is the reduced (^-exceptional divisor that dominates the set of singular 
points of X of multiplicity at least three. 

In dimension 2, Z C X is just the minimal log resolution of Z C X and the 
previous result is a special case of |Tzi09[ Theorem 3.1]. To prove it we use the 
explicit minimal model program in dimension three and hence the difficulty to 
extend it to higher dimensions. In Theorem 13.111 we give a formula for T l {X), 
where X is of any dimension, in a suitable log resolution Z C X of Z C X. 
However, the disadvantage of this is that X is not determined by any numerical 
data. 

In the remaining sections of the paper we concentrate on the study of Fano 
varieties with normal crossing singularities. 

In section 4 we study the obstruction spaces for deforming a Fano variety X 
with normal crossing singularities. It is well known that H 2 (Tx) and H 1 (T 1 (X)) 
are obstruction spaces for deformations of X. If X is simple normal crossing, which 
means that X has smooth irreducible components, then its obstruction theory is 
deeply clarified by the work of Friedman [Fr83 . However, in the general case when 
X is not necessarily reducible, Friedman's theory does not directly apply. In The- 
orem 14.51 we show that if X is a Fano variety with normal crossing singularities 
and dimX < 3, then H 2 (Tx) = 0. However, If X has at worst double points then 
its obstruction theory is much easier to describe. In Theorem 14.61 we show that 
H 2 (Tx) — in all dimensions. As far as the other obstruction space H 1 {T 1 {X)) 
is concerned, in general it does not vanish. This is the case in example 17.21 How- 
ever, T 1 (A) is a line bundle on the singular locus Z of X and in order to obtain 
smoothings of X one has to impose some positivity conditions on T 1 (X) that will 
force it to vanish. 

In sections 5 and 6 we apply the deformation theory developed in the previous 
sections to obtain criteria for the existence of a smoothing of a Fano variety X with 
normal crossing singularities. Special attention is given to the case when A is a 
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simple normal crossing Fano variety. If this is the case, Proposition l5 . II shows that if 
X has a smoothing with smooth total space then T X (X) = Oz- This is equivalent 
to say that X satisfies the d-semistability condition defined by Friedman [Fr83| . 
Then X admits a logarithmic structure [KawNa94J, Kat96j and so we can use the 
theory of logarithmic deformations developed by K. Kato |Ka88j and Kawamata- 
Namikawa [KawNa94 to study its deformation theory. The main result of sections 
5 and 6 is the following. 

Theorem 1.2. Let X be a Fano variety with normal crossing singularities. Then 

(1) Suppose that dim AT < 3. Then if T l (X) is finitely generated by global 
sections and H l (T l (X)) = 0, X is smoothable. 

(2) Suppose that X is of any dimension and it has only double points. Then if 
T (X) is finitely generated by its global sections, X is smoothable. 

(3) Suppose that X is simple normal crossing. Then X is totally smoothable if 
and only ifT l {X) = Oz, where Z is the singular locus of X. 

We do not know if the condition that T 1 (X) is finitely generated by its global 
sections is a necessary condition too for X to be smoothable. In all the cases of 
the previous theorem it implies that Def (X) is smooth. If it is true that Def (X) is 
smooth for any X, then X smoothable implies that T 1 (X) is finitely generated by 
its global sections too. 

The reason that we cannot extend the previous theorem in all dimensions, is 
our inability to show that H 2 (Tx) = for a general X of dimension at least 4 
having singularities of multiplicity at least three. Proposition ^. 3l contains the main 
technical result that allows us to show H 2 (Tx) = in the cases of the previous 
theorem. We believe that it should be possible to generalize it to higher dimensions, 
but at the moment we have some technical difficulties to do so. 

Finally in section 7 we give an example of a smoothable and one of a non- 
smoothable Fano threefold. 

2. Preliminaries. 

All schemes in this paper are defined over the field of complex numbers C. 

A reduced scheme X of finite type over C is called a normal crossing variety 
of dimension n if for any Pel, Ox,p — C[[xo, . . . , x n ]]/(xo ■ ■ ■ x r ), for some 
r = r(P), where &x,p is the completion of the local ring of X at P at its maximal 
ideal. In addition, if X has smooth irreducible components then it is called a simple 
normal crossing variety. 

A reduced projective scheme X with normal crossing singularities is called a 
Fano variety if and only if uj x 1 is an ample invertible sheaf on X. 

For any scheme X we denote by T 1 (X) the sheaf of first order deformations of 
X |Sch68j . If X is reduced then T^X) = £xt x {Cl x ,O x ). 

Let X be a simple normal crossing variety, let Xj (1 < j < k) its irreducible 
components and Ix the ideal sheaves of Xj in X. Let Z be its singular locus. 
Then X is called d-semistable [Fr83 if and only if 

(IxJIxJz) ® ••• ® (IxJIxJz) = Oz 

It is well known that any d-semistable simple normal crossing variety admits a log- 
arithmic structure [KawNa94 , [Kat96] and so in order to investigate the existence 
of smoothings of such a variety we can use the theory of logarithmic deformations. 
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For definitions and basic properties we refer the reader to KawNa94 for the com- 
plex analytic case and [Ka88 , [Kat96 for the algebraic case. For the convenience 
of the reader we state the main result that will be used in this paper. 

Theorem 2.1 ( KawNa94 ). Let X be a d-semistable normal crossing variety and 
let (X, U) be a logarithmic structure on it. Let m be the number of irreducible 
components of X and A m = C[[xi, . . . , x m ]]. Let 

^ J -► B -» A->0 

be an extension of local Artin A m -algebras and let {Xa,Ua) be a logarithmic defor- 
mation of {X,U) over A with structure map f : Xa —* SpeCj4. Then there exists 
an intrinsically defined locally free Ox A -module ^xa/aO°S,) °f rank n = dimX 
such that the obstruction to the existence of a lifting of {Xa,Ua) over B is in 
H 2 (X A ,T XA/A (log) ®a J), where T XA / A {\og) = Homx A (n XA/A (log),0 XA ). In 
particular, if H 2 (X, Tx/cQ°E)) — 0, then X is smoothable by a flat deformation. 

The previous theorem was proven by Y. Kawamata and Y. Namikawa for complex 
analytic spaces. However, the results of K. Kato |Ka88j and F. Kato Kat 9(i| show 
that it also holds in the algebraic category too. 

We will repeatedly make use of the Akizuki-Kodaira-Nakano vanishing theorem 
and its logarithmic version, which we state next. 

Theorem 2.2 (Akizuki-Kodaira-Nakano |AN54j . |KV92j). Let X be a smooth va- 
riety and C an ample invertible sheaf on X . Then 

H b {Vl a x ®C- 1 ) = 
for all a, b such that a + b < dim X. 

Moreover, if D is a reduced simple normal crossings divisor of X , then 

H b (n a x (log(D)) ® c- 1 ) = 
for all a, b such that a + b < dim A\ 

3. Description of T 1 

In this section we describe the sheaf T 1 (Y) of first order deformations of a scheme 
X with normal crossing singularities. 

We start with some preparatory results. The next proposition shows that locally 
around its singular locus, any normal crossing variety is a Cartier divisor of a smooth 
variety. 

Proposition 3.1 ( jTzi09] ) . Let X be a scheme with normal crossing singularities. 
Then there is an analytic neighborhood U of its singular locus and an embedding 
U C V , where V is smooth and dimV = dim[/ + 1. 

The next proposition shows how to calculate T 1 (Y) from an embedding X C Y 
of X as a Cartier divisor of a smooth variety Y and it is the key in obtaining a 
formula for T 1 (Y). 

Proposition 3.2. Let X be a scheme with normal crossing singularities and let 
X C Y be an embedding such that Y is smooth and dim Y = dim X + 1. Then 

T 1 (X)^Oy(X)^O z 
where Z is the singular locus of X . 
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Proof. Dualizing the exact sequence 

-> O y {-X) ® Ox -> CV ® Ox -> fix -> 

we get the exact sequence 

-►£a^(fi x ,0x)->£a^(ny®0x,0x) = O 

Moreover, T 1 (X) = £xt x (Clx, Ox) is locally free of rank 1 on Z. Hence there 
is a surjection O y (X) ® O z -> T X (X) and therefore T X (X) = CV(X) <8> O z , as 
claimed. □ 

Definition 3.3. Let X be a scheme with only double point normal crossing sin- 
gularities. Let Z C X be the singular locus of X. Then we denote by L(Z,X) the 
invertible sheaf uix ® . 

Lemma 3.4. Let X be a scheme with only normal crossing double point singular- 
ities and let Z be its singular locus. Then 

(1) L(Z,X) is a 2-torsion invertible sheaf on Z, i.e., L® 2 = Oz- Moreover, 
let 7r: X — > X be the normalization of X , Z = n (Z) and ir: Z — » Z the 
induced map. Then tt is etale and ir*L = O z . 

(2) Let X C Y be an embedding such that Y is smooth and dim Y = dim X + 1 . 
Then 



T 1 (X)=L(Z,X)®f\Af zn 



Remark 3.5. If X is simple normal crossing, then it is not hard to see that 
7r: Z — > Z is trivial and hence 7r»02 = ®z ® Oz- From this it easily follows that 
L(Z,X) = Oz- However, in general this is not true. 

Proof of Lemma\3J\ By Proposition [3Tj T X (X) = Oy(X) ® Oz- Standard ad- 
junctions give that 

2 

Oy{X)®O z =oj y 1 ®ux®O z = [\N z /y® 

It remains to show that L(Z, X) is a 2-torsion invertible sheaf on Z. Let ir : X — > X 
be the normalization of X and Z = tt~ 1 (Z). Then a local calculation shows that 
7r: Z — > Z is etale. Moreover, 7r*ti>x = ® ®x(^)- Hence 

uj z =lo x ® O x (Z) ®O z = 7T*(W X ® Oz) 

Moreover, since Z — > Z is etale, 7r*a>2 = w;. Therefore 

7r*W2 = tt*(uox ® Oz). 

Hence ir*L(Z, X) = and consequently L{Z,X) ®tt^O z = n*O z . Therefore, 
since ir*O z is a rank 2 locally free sheaf on Z, it follows that £(Z, X)® 2 = Oz as 
claimed. □ 

Theorem 3.6. Let X be a scheme with only double point normal crossing singulari- 
ties. Let Z C X be its singular part, ir: X — > X its normalization and Z = tt~ 1 (Z). 
Then, X, Z and Z are smooth, ir: Z — > Z is etale, T X (X) is a line bundle on Z 
and 

2 

T\X) = L(Z, X) ® f\ n*O z (Z) 
where L(Z,X) is a 2-torsion invertible sheaf on Z, as stated in Lemma\3.4\ 
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Remark 3.7. If X = X1UX2 is simple normal crossing with two irreducible compo- 
nents, then the above formula is just the familiar T 1 (X) = MziXi ®N z /x 2 |PiPe83j . 



Proof of Theorem \3.b\ The result is local around the singular locus of X so we may 
assume by Proposition [3J] that X cY, where Y is smooth of dimension dim X + 1. 
The normalization X of X is simply the blow up of X along Z. Let /: Y — > Y be 
the blow up of Y along Z. Then X — f~ 1 X. Let n: X — » X be the restriction 
of / on X. Let E C Y be the /-exceptional divisor. Then E = P z {J\f~^ x ), 
Z = E ■ X = XC\E. Hence 

O z {Z) = O x {Z) ®O z = Oy{E) ®O z = O e (E) ®O z = O e {-1) <8> O z 

Now Oe(-Z) = ® /*£, for some fc G Z and C G Pic(Z). Since Z ^ Z has 

degree 2, it follows that fc = — 2. Then 

f*C = E {-Z)®0 E {-2E) 

By Proposition E21 T^X) = O y {X) <g> O z . Also, 

f*0 Y {X) = Y {X) ® Oy{2E) 

and hence f*T l {X) = O e (Z) ® O e (2E) which implies that £ = T^X) -1 . There- 
fore, 

Oe(-Z) = E (-2) ® fT l {X)- x 

Now the exact sequence 

-» O b (-3) ® f*T\X)- x -> Ob(-1) - Ob(-1) ® S = O^(Z) - 
gives that 

vr,o^(z) = fl 1 /,(o B (-3)®rr 1 (x)- 1 ) = i? 1 /*0£(-3)®T 1 (X)- 1 = 

2 2 

(/^(l))- 1 ® f\M z/Y ® T^X)- 1 = N z/Y ® f\M z/Y ® T^X)- 1 = N z/Y ® L(Z,X) 
since by Proposition [320 T^X) = f\ 2 N z/Y <E> L(Z, X). Hence 

2 2 

T^X) = /\N Z/Y ® L(Z, X) = {/\(tt*Oz(Z) ® L{Z, X))) ® L(Z, X) = 

2 2 

(/\(w*O z (Z)) ® X)® 2 ® L(Z, X) = X) (8) /\ k*O z {Z) 
as claimed. □ 



Next we extend Theorem l3.6l for any normal crossing variety. One of the differ- 
ences of the general case is that the singular locus Z of X is no longer smooth. In 
fact it is not even Cohen-Macauley. For this reason it is preferable to work with a 
smooth model of Z. As a first step we shall rewrite the result of Theorem 13. 61 in Z 
instead of Z . In doing so we need the next result. 

Lemma 3.8. Let f : X — > Y be a finite flat morphism of degree d between smooth 
varieties. Let £ be a locally free sheaf of rank n on E. Then f*£ is locally free of 
rank nd and 

nd n 

f*(/\f*£) = (/\£)® d ®f*(det(f*O x )) 
where det(/*O x ) = A d f*O x . 
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Proof. Let A be an ample invertible sheaf on Y. Then B = f*A is ample on X. 
Then, since X is smooth, £ has a finite resolution 

o -» e^B"* -> ► ©•±i5 I/i -» £ -» o 

We will prove the lemma by doing induction on the minimum length s(£) of such 
a resolution of £. If s(£) = 1, then £ = ®f =1 B k , for some k e Z. Then /*£ = 
(gi and therefore 

/\/*£ = A ndk ®/\f»O x 

Hence 

nd n 

/* A/* f = ® r(det(/„O x )) = {f\£) m ® r(det(/„Ox)) 

Now assume the result is true for all locally free sheaves J 7 such that s(J-) < k — 1. 
Let £ be locally free with s{£ ) = fc. Then there is an exact sequence 

-> T -> ©Li^ m -> £ -> 

and therefore J 7 is locally free with s{T) = k — 1. Now after applying /*, the 
induction hypotheses and some straightforward calculations we get the result. 

□ 

Lemma 3.9. Let X be a scheme with only double point normal crossing singu- 
larities and let Z be its singular locus. Let -k : X — > X be the normalization and 
Z = 7T _1 Z . Then there is an exact sequence 

0^O z -> tt*Oz -► L(Z, X)^0 

and L(Z,X) is a 2-torsion invertible sheaf on Z , as stated in Lemma \3.4\ 

Proof. We follow the main steps of the proof of Theorem l3.6l Embed X in a smooth 
variety Y of dimension dim X + 1 . Let / : Y — > Y be the blow up of Y along Z and 
E the /-exceptional divisor. Then X = f^ l X and Z = E ■ X. Then as we have 
seen in the proof of Theorem 13.61 

O e (-Z) = O e {-2) ® riTHX)- 1 ) 

Then the exact sequence 

-> O e {-Z) -^Oe^Oz^O 

give the exact sequence 

-» = O z -» /*©z -» ii 1 /*(Oe(-2) ® rCT^X)- 1 ) -» 

Moreover, 

&U(O e (-2) 8) /*(T 1 (X)~ 1 ) = i?7*0£(-2) ® T 1 ^)- 1 = 

2 

f\M Z /Y ® ^(xy 1 = l(z, x) 

since by Lemma I5HT 1 (JO = L(Z,X) ® /\ 2 N z /y, and L(Z, X) = u> x ® uj^ 1 is a 
2-torsion sheaf on 

□ 
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Definition 3.10. Let X be a scheme with normal crossing singularities. We denote 
by X max the set of points having maximal multiplicity and by X- s the set of points 
of multiplicity at least s. A straightforward local calculation shows that X max , X- s 
are closed subschemes of X and that X max is smooth. 

Theorem 3.11. Let X be a scheme with normal crossing singularities and let Z 
be its singular locus. Construct inductively the sequence of morphisms 

xrl v" f k V fk — 1 fl fl \r 

A — Afe — > Afc_i — > tAi->Ao-A 

smc/i i/iai is the blow up of Xi along Xl aax . Let f = fx o • • • o f^. Let Z' C X' 

be the divisorial part of f~ 1 (Z) that dominates Z and E s the reduced f -exceptional 
divisor that dominates X- s , s > 3. Then X' and Z' are smooth and 

f*T\X) = O z ,(Z')® 2 ® (®s> 3 Ox'(sE s )) 

Proof. Embed X in a smooth n + 1-dimensional variety Y, where n = dim A. We 
proceed in two steps. 

Step 1. First we succesively blow up the locus of points of multiplicity > 3 in 
order to reduce the calculation to that of a normal crossing scheme with only double 
points. Let m be the maximal multiplicity of the singularities of X. If m = 2, then 
go to step 2. Suppose that m > 3. Then locally at a point of maximal multiplicity, 
X is given by x x ■ ■ ■ x m = C C ,l+1 , and X max by x x = £2 = • • • = %m = 0. Let 
fi : Y x — > Y be the blow up of Y along X max and Fi the /i-exceptional divisor. 
Let Xi = (fi)- 1 X, Zi = (fi)^Z and B x = F x ■ X x . A straightforward local 
calculation shows that X x has normal crossing singularities of maximal multiplicity 
m x = m — 1, Bi is /i-cxceptional, it is not contained in the singular locus of X x 
and that X^ ax <£ B x . Moreover, 

(3.11.1) f x O Y {X) = Yl (X x ) ® Yl (mB x ) 

Also, by Proposition E21 T 1 (A) = O y (X) <g> C Z - Therefore (|3.11.1|) gives that, 

flT 1 (X) = T 1 ^) ® Yl (mB x ) 

Repeating the previous process of blowing up the locus of highest multiplicity, we 
get a sequence of maps 

v /m-2 f-2 v A V 

-*m-2 >Ai ^ A 

where A m _2 has only normal crossing points of multiplicity 2. By a slight abuse 
of notation, denote by Bi the birational transform of the fi exceptional divisor in 
A m _ 2 and let g = / m _ 2 • • • h- Then, 

(3.11.2) 9*T\X) = T\X m _ 2 ) ® {®T=iOx'{{m - 1 + 1)B,)) 

Step 2. Let : A m _i — > A m _2 be the normalization of X m _2, which is 

smooth since A m _ 2 has only double point singularities. Let Z m -i its singular 
locus and Z m - X = /-i x (Z m _ 2 ). Then by Theorem ESI 

2 

T X {X m -%) = L{Z m -2, X m -2) ® /\{fm-l)*Oz m _ 1 {Z m - X ) 

and by Lemmas HU EES EE! 

(3.H.3) /,;_ 1 T 1 (A m _ 2 ) = Oz^^m-i)® 2 

Let / = / m _x o 5 and £?■ = f m \B t . Then from (13. 11. 211 . (13. 11.311 it follows that 
(3.11.4) f*T\X) = Oz m ^ {Z m -i) m ® (®™ T 2 0x'((™ - * + 
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Note that by construction, B[ dominates the locus of points of multiplicity > m — 
z + l. Now setting X' = X TO _i, EVn-i+i = Bi, (|3. 1 1.4|) takes the form stated in the 
theorem. □ 

Remark 3.12. One may try to get a formula for T 1 (X) in the normalization 
7r: X — > X. However, Z = ■k~ x {Z') is singular and it is preferable to work with 
smooth varieties. The pair (Z' , X') is a log resolution for (Z, X) that is obtained in 
a natural way by repeatedly blowing up the centers of maximal multiplicity. The 
disadvantage of this approach is that [Z 1 , X') is not characterized by any numerical 
property that would make it unique, as for example the minimal log resolution in 
the case of surfaces. However, in dimension at most 3 we can get a more natural 
description by using the minimal model program. 

Theorem 3.13. Let X be a scheme with normal crossing singularities with dimX < 
3 and let Z be its singular locus. Let <j> : X — > X be a birational morphism such that 

(1) (X,1/2Z), Z are terminal; 

(2) Ky + 1/2Z and are ip-nef. 

where Z C X be the reduced divisorial part of 4>~ 1 {Z) that dominates Z (such spaces 
do exist). Then 

<t>*T\X) = O^Z)® 2 ® ± {2>E) ® Oz 

where E C X is the reduced (^-exceptional divisor that dominates the set of singular 
points of X of multiplicity at least three. 

Remark 3.14. (1) In the case of surfaces, (Z,X) is simply the minimal log 
resolution of (Z, X). 

(2) In the case of 3-folds, (|3 . 131 1) implies that Z is smooth in X. However, the 
form written seems to be more natural to generalize in higher dimensions. 

(3) The proof of the theorem shows that if Z is the normalization of Z, then 
the induced map Z — > Z is etale. 

(4) The problems in order to obtain a similar result in all dimensions are the 
following. The existence of a pair {X, Z) with the properties stated in 
Theorem 13.131 is not a formal consequence of the minimal model program. 
One could start with a log resolution (X 1 , Z') of (X, Z) and then try to run 
a MMP simultaneously for (X', 1/2Z') and Z', but this cannot be done in 
general. The construction of (X, Z) is explicit in the proof of Theorcm l3.13l 
and in principle if one is careful enough it should be possible to generalize 
the argument in all dimensions. 

Proof of Theorem \3.13[ We only do the 3-fold case. The surface case is much sim- 
pler. 

The proof consists of two steps. In the first one we will explicitly construct a 
pair {X, Z) with the properties of the statement and in the second part we will 
show that given any other pair (X 1 , Z') having the same properties, T 1 (X) is given 
by the same formula. 

Step 1. Let X C Y be an embedding of X into a smooth 4-fold. Since dimX = 
3, multp(X) < 4, for all P € X. Now repeat the construction in Theorem 13.111 
There is a sequence of maps 

X' ^X 2 ^X X ^X 
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with the following properties. X± is the blow up of X along the locus of points of 
multiplicity 4. Then the singular points of X\ have multiplicity at most 3 and X 2 
is the blow up of X\ along the locus of points of multiplicity 3. X 2 has only double 
points and X' is its normalization. 

Let Ei be the /i -exceptional divisor and Zi = (fi)~ 1 Z. A straightforward local 
calculation shows that Zi is the singular locus of Xi, and over any singular point 
of X with multiplicity 4, E x {x xix 2 x 3 = 0) C P 3 . Moreover, Xf ax n E 1 = 
{Pi, P 2 , P3, P4}, where Pi are the vertices of the tetrahedron x xix 2 x 3 = in P 3 , 
and Ei n Zi = UijLij, where Lij is the line connecting the verices Pi and Pj. 

Let E 2 be the /2-exceptional divisor and Z 2 = {f2)* 1 {Zi). Let P g X\ be a 
point such that multp(Xi) = 3. Then a straightforward local calculation shows 
that X 2 has only double points, f 2 (P) = (x$xix 2 = 0) C P 2 , Z 2 is the singular 
locus of X 2 and Z 2 (~l f 2 {P) = {Qi, Q27 Qs}, where Qj are the vertices of the 
triangle xqXiX 2 = in P 3 . 

Let Ei = (,f 2 )~ 1 Ei. Then E 1 = f 2 Ei. Moreover, E x is the blow up of E x along 
its vertices, and over any point of multiplicity 4 of X, Ei n E 2 = Uf =1 / 2 _1 (Pi). 
Moreover, from the previous discussion it follows that f 2 1 (Pi) = Pj,i U Pi, 2 U Pi, 3, 
where Fij are the edges of the triangle (xqxix 2 = 0) C P 2 , and Pi n Z 2 = UijLij, 
where Lij are the birational transforms of the edges Lij of Pi in P 2 . 

The normalization X' of X 2 is the blow up of X 2 along Z 2 . Let Z' = g^ 1 (Z 2 ). 
Then g: Z' — > Z 2 is etale. Denote by D' the birational transform of any divisor 
D C X 2 in Z'. Then P 2 , P( are the blow ups of P2, Pi along their edges and 
a straightforward local calculation shows that P 2 , E[ are smooth. Moreover, over 
any singular point P E X of multiplicity 4, E' 2 = ]J* =1 Pi, where Hi is isomorphic 
to the blow up of P 2 along the vertices of the triangle xqXix 2 = 0. In other words, 
E[ is the log resolution of Pi and its edges obtained by first blowing up the vertices 
and then the edges. Hence in each Hi there is the following configuration of /- 
exceptional curves, where / = /1 o f 2 o g. 







Moreover, we have the following intersection table. 



(3.14.1) 
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Fij ■ E[ = F id • (/ 2 o g)*E 1 = (/ 2 o ■ £ x = 

(Lid)z' — ■ E[ = —1 

where by (Lij) 2 E , , {Li_j) l z , we denote the self-intersection numbers of L^j- in E[ 
and Z', respectively. 

Next we will use the Minimal Model Program to obtain a 3-fold with the prop- 
erties stated in the theorem. 

Standard adjunction formulas (which could be calculated using an embedding 
X C Y of X in a smooth 4-fold Y and following the argument of the proof of 
Theorem I3.6[) . give that 

K x > + 1/2Z' = f*K x -E[-E' 2 - 1/2Z'. 

and therefore 

{K x , + 1/2Z 1 ) ■ Lij = -1/2 
K x > ■ U,i = 

Moreover, the exact sequence 

-» J^L^/Ei - ^Li,j/X' - Ox'K) <8> Ol s „ - 

give that 

=O p i(-1)©O p i(-1) 

Hence there is a flopping contraction h' : X' ^ S contracting each j to an ordi- 
nary 3-fold double point. Let ip: X' -~ » X" be its flop. This is a standard flop and 
its construction is described in the following diagram: 

(3.14.2) W 




Here W is the blow up of X' along Lij. Let B be the ^'-exceptional divisor. Then 
over a neighborhood of any of the L*i t j, B is a ruled surface over Lij and in fact 
B = P 1 x P 1 . Then is the contraction of the other ruling and hence X" is also 
smooth. Let L" • be the ^"-exceptional curves and Z" be the birational transform 
of Z' in X". Then from diagram (|3.14.2|) and the explicit description of X', E[ 
and Z 1 it follows that Z' w = (ip'^Z' = Z' and therefore 

0: Z'^Z" 

is a morphism and is in fact, from (J3j, it is the contraction of the (— l)-curves of 
Z'. Then L'l 3 ■ Z" = 1, K x » ■ = and therefore 

+ 1/2Z") = 1/2 
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However, K X " + 1/2Z" is still not nef. Let F"j be the birational transform of Fij 
in X". Then, since 

W'yz" = W)- x z' = W)*z'-B 

it follows from ([3]) that 

Z" ■ F!' tj = Z' ■ F itj - B ■ W)-^ =2-2 = 

Moreover, Kx" • F-'j — Kx 1 ■ Fij = — 1 and hence 

{K x „+1/2Z")-F!' d = -1 

Let H" = fa 1 Hi. Then from diagram |3~I1~21 it follows that H<' = P 2 . Let us 
elaborate more on this. As mentioned earlier in the proof, if P G X is any point of 
multiplicity 4 of X, then fi 1 (P) is isomorphic to the tetrahedron XqX\X2X§ = in 
P 3 . Let Aj be its faces, i = 1, 2, 3, 4. Then A, = P 2 and the edges Ljj of /f X (P) on 
A, is the triangle X0X1X2 = 0. Then Hi is the blow up of Aj along the vertices of 
the triangle and Fij are the exceptional curves. Now H" is the contraction of the 
Li j. But this is exactly the construction of the standard quadratic transformation 
of P 2 . hence H'( = P 2 and 

Ai = P 2 P 2 = H'l 

is the standard quadratic transformation of P 2 . 

Hence E" is a disjoint union of projective planes. Moreover, 

WTE'l = WYK - b 

and hence 

F it j ■ E'{ = F^j ■ E[ — Fij ■ B = — 2 = — 2 

Therefore, there is a birational morphism a: X" — > X over X, contractiong every 
irreducible component of E'-[ to a cyclic quotient singularity of type 4(1, 1,1)- let 
Z = OL. t Z" . Then Z = Z" and from the construction it is also clear that it is 
contained in the smooth part of X. Moreover, K x + 1/2Z and K% are both nef 
over X. Hence (X, Z) satisfies the numerical properties of the theorem. It is also 
clear from the above construction that the natural induced map Z — > Z ', where Z 
is the normalization of Z ', is etale. 

Next we show that T 1 (X) is given by the formula claimed in the statement. We 
do it by moving around the diagram 

(3.14.3) W 
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and the corresponding for Z, 

(3.14.4) Z' Z" = Z 

f 

" Z 

Here we should remark that from the construction of diagram (I3.14.3p it follows 
that [ip'^Z' - z ' and hence ip: Z' -> Z" is just V" : W)* Xz ' -> 
From Theorem 13.111 it follows that 

(3.14.5) f*T\X) = O z >{Z')® 2 ® C*/(4Ei) £>x< (3^) ® Z ' 

Next we reduce it to Z" = Z. First we get a formula in X". From diagram (|3.14.3p 
and standard adjunctions we get that 

V>*0z<< (2Z") = (2Z') ® CVC-2-B) ® Oz' 
r(O x »(E%) ® O z ») = (Ox>(E' 2 ) <g> O z ® CV(2fl) ® O z / 
i/f(p x »(E%)®02i„) = {O x ,(E' 1 )®O z ,)®G w (-B)®O z , 

Hence 

(0 o a^T 1 ^) = 0z»(Z")® 2 <g> O X ''(4Bj0 ® Gjc«(3££') <8> Oz- 

and so the formula is unchanged in X" (we did not expect a change since X' and 
X" are isomorphic in codimension 1). Moreover, a carefull look at the construction 
of X" reveals that E" n Z" = 0. Hence 

(0 o afT 1 {X) = o z „ (^")® 2 ® Gx" (3^') ® Z , 

and therefore 

^T 1 ^) = O z (zJ) 82 ® C^(3£;) <g> 
where E — a^E^, as claimed in the statement. 

Step 2. Let ip: (X, Z) — > (X, Z) be a morphism such that (X, 1/2Z) is terminal 
and K x + 1/2Z, K z are ^-nef. We will show that ^*T 1 (X) is given by the formula 
stated in the theorem. 

Since (X, 1/2Z) is terminal and nef over X, it follows that there is a birational 
map 

g: X -*X 

which is an isomorphism in codimension 1. Moreover, since K z and K z are nef 
over Z , g induces an isomorphism between Z and Z. Since we already know that 
Z — > Z is ©tale, Z does not contain any ^-exceptional curves. Therefore Z does not 
contain any ■(/'-exceptional curves and hence there is a commutative diagram 

Ref(X) — — ^ Ref(X) 



Pic(Z) 



Pic(Z) 



where Ref(X), Ref(X) are the groups of rank 1 reflexive sheaves on X and X, 
respectively. Moreover, the horizontal maps are isomorphisms and the vertical the 
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restrictions (the restriction maps are well defined because X, X are terminal and 
Z, Z smooth). 

Since g is an isomorphism in codimension 1, <p and if> have the same exceptional 
divisors. Hence if E is (^-exceptional dominating the locus of points of multiplicity 
at least 3, E = g~ x E is ^-exceptional dominating the set of points of multiplicity 
at least 3 and g„O x {E) = O x (E). Moreover, g*O x {Z) = O x (Z). Hence 

^*T\X) = g*<i)*T\X)=g*{O z {Z)® 2 ®O x {ZE)®O z ) = O z {Z) m [ ®<D X (3E)®0 z 
as claimed. □ 

4. Obstructions 

Let X be a variety with normal crossing singularities. It is well known that 
H 2 (Tx) and H 1 (T 1 {X)) are obstruction spaces to lift deformations of X. In this 
section we describe these spaces and in fact we show that H 2 (Tx) = 0. First we 
present some preliminary results. 

Proposition 4.1 ( |Fr83j ) ■ Let X be a scheme with only normal crossing singu- 
larities. Let tx C fix be the torsion subsheaf of fix- Then 

Qx/tx = n*x 
^t x {nxlTx,Ox) = H\T x ) 
Ext i x (Tx,Ox)=H*- 1 (T 1 (X)) 

Corollary 4.2. Let X be a projective scheme with only normal crossing singular- 
ities. Then 

H 2 (T X ) = H n - 2 ((n x /Tx)®u;x) 

where dim X = n. 

Proof. By Proposition!!! H 2 (T X ) = Ext 2 x (Q x /t x ,O x ) = H n - 2 ((n x /t x )®lo x ), 
by Serre duality. □ 

The next result is the main technical tool in order to calculate H 2 (Tx)- 

Proposition 4.3. Let X be a variety with normal crossing singularities. Let Z C X 
be its singular locus and n: X — > X. v: Z — > Z be the normalization of X and Z, 
respectively. Then there is an exact sequence 

(4.3.1) 0^T X ->Sl x ^7tM x ^v*{&z® L ) 

where L is an invertible sheaf on Z such that L® 2 = O z . In particular, if X has at 
most double points, then 82 is surjective and the sequence is exact on the right too. 

Remark 4.4. If X = L)fL 1 Xi is a reducible simple normal crossing variety, then 
L = Oz and the exact sequence (|4.3.1[) is part of a long sequence |Fr83] . In the 
general case I believe there must be a long exact sequence 

— > t x — > fix — > 7r*Q^ ^> v*(Q, z ®L) — > (v 1 )*(£l z - i (g)Li) — > (^ 2 )*(^ 2 ®L 2 ) — » • • • 

where the Zi are defined inductively by Z$ = Z, Zi is the singular locus of Zj_i, 
Vi \ Zi — > Zi is the normalization and Li are 2-torsion invertible sheaves on Zi. 
However, at the moment I am having a few technical difficulties to prove this. The 
current statement of proposition ^. 31 is sufficient to treat the cases when dimX < 3. 
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Proof of Proposition ^. 3\ The proof consists of two steps. In the first one we con- 
sider the case when X has only double points and in the second we do the general 
case. 

Step 1. Suppose that X has only double points. Then Z = Z . The idea of the 
proof is to first construct the maps <5, in a natural unique way and then check the 
excatness locally. 

Let Z = 7r _1 (Z). Then Z is smooth and Z — > Z is etale. Moreover, by 
Lemma (I3.9p . there is an exact sequence 

(4.4.1) 0^O z ^ir*O z ^L^O 

where L = L(Z, X) is a 2-torsion invertible sheaf on Z. The natural map 7T*fix — » 
fl x gives a map 7r*7r*fix — > 7r*f2^ and hence a map 5q : fix — > 7r*^^. Since X is 
smooth, 7r*f^ is torsion free and therefore the kernel of 6q is the torsion of fix- 
Therefore there is an exact sequence 

-> tx -» ^a ^> 7r*fi^ 

Next we define <5i : 7r*f2j£ — > v*(fl z ® L) = flz <& There is a natural surjection 
j^- — s- r2 ^ and therefore a surjection 

(4.4.2) n*fl x — > 7T*fig — > 
Now Z — > Z is etale and hence 7r*f2z = fig. Hence 

7T*f2^ = 7r*7r*f2z = flz <8> TT^O^ 

Now from (|4.4.ip there is a natural surjective map 

(4.4.3) n*fl z =Q. z ®k*G z ^>VI z ®L^Q 

Now composing the maps (|4.4.2| and (|4.4.3|1 we obtain a surjective map 

(4.4.4) 5i: Tr*n x — ► Clz ® L 

Thus we have defined the maps 5q and 8\. To conclude it remains to show that the 
sequence 

(4.4.5) fix ^tt*CI x ?\n z ®L 

is exact. The naturality of the definition of the maps 5q, Si allows us to check the ex- 
actness locally. So we may assume that X = Speci?, where R = C[xi , . . . , x n ]/ (x\X 2 )- 
Then Z = SpecS, B = R/(xi,x 2 ), X = X 1 ]}X 2 = Spec(i?i x R 2 ), where 
Ri = C[xi, . . . ,x n ]/(xi), i = 1,2, and Z = Z\ ]J Z 2 = Spec(i?i x B 2 ), where 
B\ = R\/{x 2 ) and B 2 = R 2 /(x\). The map it: X — » X is induced by the map 

p : R — > Ri x i? 2 

such that p(/(xi, . . . ,x n ) = (/(0,x 2 , . . . , x„), /(xi, 0, x 3 , . . . , x„))- In turn, the map 
5o ■ fix —> 7T*fl x is induced by the map 

cfq: Qr — » fi_R lX fi 2 = fii?! x fi_R 2 

defined by a(df(xi,X2, ■ ■ ■ ,x n )) = (d(f(0, )), d(f(xi, 0, x 3 , . . . , x„)), where 

by / we define the image of any polynomial of C[xi, . . . , x n ] to any of the rings de- 
fined earlier. 

Next we describe 6i. The map 0: Oz — > ir*O z is induced from the map 

pi : B — > B\ x B 2 
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given by pi(/(x i, ...,x n ) = (f(0,x 2 , ■ ■ ■ , x n ), f(x\, 0, x 3 , . . .,x n )). Hence the exact 
sequence (|4.4.ip is induced by 

where p 2 is given by p 2 is given by p 2 (f(xi, ■ ■ ■ ,x n ),g{x\,. . .,x n )) = f(x\,. . . , x n )- 
g~(xi, . . . , x n ). It is easily seen that the above sequence is an exact sequence of B- 
modules. Hence 144.51) is induced from 

(4.4.6) n R 4 si Rl x n R2 Z n B 

where 

P(d(f(xi, . . .,!„)) = {d(f(0,x 2 , ■ ■ ■ ,Xn)),d(f(xi, 0,x 3) ■ ■ -,x n )) 

and 

j(d(f(xi,x 2 , . . .,x n )),d(f(xi,x 2 ,x 3 , . . .,x n )) = d(f(xi,x 2 , . . . , x n ))-d(f(x 1 , x 2 , x 3 , . . 

It is now straightforward to check that (|4.4.6p is exact, and therefore so is (|4.4.5|) 
is exact too, as claimed. 

Step 2. We now do the general case. So, let X be any scheme with normal 
crossing singularities, Z its singular locus and ir: X ^ X, v. Z — > Z the normal- 
izations of X and Z respectively. Following the proof of Theorem I3.1H there is a 
sequence of morphisms 

v l 9 v fm f\ V f 1 v 

Jl — > A m A-i — » A. 

such that fi are birational for all 1 < i < m, X m has only normal crossing points 
of multiplicity 2 and g is its normalization. Let Z m C X m the birational transform 
of Z in X m . Then it is smooth and equal to the singular locus of X m . Moreover, 
it is birational over Z. Let / = /i o • • • o f m . Then there are birational morphisms 
h: X' — » X and a: Z m — ► Z such that it oh — fog and / = voa. Let Z' = g~ 1 Z m . 
Then from step 1 there is an exact sequence 

(4.4.7) -> n Xm /T Xm -» gMx> -» £lz m ®L m ->0 

where L m is a 2-torsion invertible sheaf on Z m . Applying /* we get the exact 
sequence 

(4.4.8) -» f*(n Xm /T Xm ) - -» /*(Qz ro (8 Lm) 
Claim: 

There are natural maps 

(4.4.9) %^/i»f2 x < 

(4.4.10) O^-x^n^ 

These maps are isomorphisms since h and a are birational and Z, Z m , X' , X are 
smooth. The torsion sheaves at question are defined by the exact sequences 

-> t x -> fix -> 7T*ftjj; 
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Applying /* in the second we obtain a commutative diagram 
*- T x *- tlx *- 



>■ f*Tx m >■ ,f*Qx m *" f*9*^X' — n*h*rix' = 7r*fi x 

Hence there is a map tx — » f*T~x m which induces a natural map Slx/ T x ~ * 
/* (^x m I T~x m ) ■ Since fix / tx is reflexive by Proposition 14.11 and / is birational, 
the map is an isomorphism as claimed. Moreover, since a is birational and L m is 
2-torsion, L m = a*L, where L is a 2-torsion invertible sheaf on Z. Now 

f*g*£lx' — 7T*/j*S2x' — tt*Qx 

and 

f*{^z m <S> L m ) = v*a*{VL Zm ® a*L) = (g> L) 

Therefore, (|4.4.8p becomes 

— > Qx/tx — > t*Q x —> v*{&z ® L) 
as was to be proven. □ 

Theorem 4.5. Let X be a scheme with normal crossing singularities such that 
dimX < 3 and lo x 1 is ample. Then H 2 (Tx) = 0. 

Proof. We only do the 3-fold case. The surface case is exactly similar and is omitted. 
So, let X be a Fano 3-fold with normal crossing singularities and let Z C X be its 
singular locus. Then by Corollary 14. 2i 

H 2 (T X ) = H l {{nx/T X )®Lux) 
Then by Proposition ^. 3[ there is an exact sequence 



o -► n x /r x h n*n x h v *(ilz ® L) 

where it: X — > X, v: Z — > Z are the normalizations of X and Z, respectively 
and L is a 2-torsion invertible sheaf on Z . Tensoring it with u x and taking into 
consideration that 7r*(f2 x ® tt*lux) = Tr*Q x ® UJx > we § e ^ ^ ne exa ct sequence 

— > (Ox/tx) ®w x ^> 7T* (f2 x ® tt*u>x) v*{$l z <3 L(g> v*uj x ) 
Let N = Coker((5i). Then the above sequence splits into 

-» (f2x/T X ) (8 w x ^> 7r,(r2 x ® tt*wx) ^ N -» 
-» iV -> (8) L <g> 

Therefore we an exact sequence 

(4.5.1) H°(N) -> H 1 {{n x /T X )®u x ) -» #V*(%®^x)) 

Now since 7r and i/ are finite, it follows that (7T*cJx) and (y*u) X ) are ample. 
Moreover, since L is 2-torsion and invertible, is ample too. There- 

fore, and by using the Kodaira-Nakano vanishing theorem, 

H°(N) C H a {v*{Vl z ®L® v*u x )) = H°(fl z ® L <g> = 

and 

J H" 1 (7r*(f2 x (g)7r*wx)) = ff X (^x ® ^x) = 
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Hence from (|4.5.ip it follows that 

H 2 (T X ) = H\{n x /T X ) ®u x ) = {) 
as claimed. □ 

Unfortunately, in general I cannot say much about the other obstruction space, 
namely H 1 (T 1 (X)) . However, since T 1 (X) is a line bundle on the singular locus Z 
of X, it is much easier handled than H 2 (Tx) and will vanish if we impose certain 
positivity requirement on T 1 (X). 

The case when X has only double points exhibits much better behaviour and 
it deserves special consideration. The difference between this and the general case 
is that the exact sequence 14.3.11 in Theorem 14.31 is right exact too which makes it 
possible to calculate obstructions in all dimensions. 

4.1. The double points case. 

Theorem 4.6. Let X be a scheme with only double point normal crossing singu- 
larities such that lo x x is ample. Then 

(1) 

H 2 {T X ) =0 

(2) Suppose that T l (X) is finitely generated by its global sections. Then 

H^T^X)) = 

Corollary 4.7. Let X be a scheme with only double point normal crossing sin- 
gularities such that uj^ 1 is ample and such that T X (X) is finitely generated by its 
global sections. Then Def(X) is smooth. 

Question 4.8. Is Def(X) smooth for any Fano variety with normal crossing sin- 
gularities? If this is true then X is smoothable if and only if T^{X) is finitely 
generated by global sections and hence this is a very natural condition to impose. 

Remark 4.9. In general, H 1 (T 1 (X)) will not vanish. However if X is smoothable, 
then T 1 (X) must have some positivity properties and the one stated is the most 
natural one. 

Proof of Theorem \4-6\ The first part is proved in excactly the same way as Theo- 
rem !4.5l The crucial part in the double point case is that the exact sequence (|4.3. 1|) 
is right exact too. 

In order to show the second part we will show that the singular locus Z of X is 
a smooth Fano variety of dimension dimX — 1. The Fano part is the only part to 
be shown. Let it: X — > X be the normalization and Z — ir~ 1 Z. Then Z — > Z is 
etale. By subadjunction we get that 

tt*ujx =u x ® O x {Z) 

Therefore, 

ujz = u x ® O x (Z) ® Oz 

Hence lj^ 1 is ample. But since Z — > Z is etale, it follows that n*ujz = tug. Therefore 

LUg 1 is ample too and hence Z is Fano as claimed. Now 

H^T^X)) = H\uz ® (THX) ® c^ 1 )) = 

by the Kawamata-Viehweg vanishing theorem since if T 1 (X) is finitely generated 
by global sections, then (g) uj^ 1 is ample too. 
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□ 

5. SMOOTHINGS OF FANOS 

In this section we obtain criteria for a Fano variety X with normal crossing 
singularities to be smoothable. 

Proposition 5.1. Let X be a reduced projective scheme with hypersurface singu- 
larities. Then 

(1) If X is smoothable by a flat deformation X — > A such that X is smooth, 
then T 1 (X) = Oz, where Z is the singular locus of X. 

(2) Suppose that T 1 (X) is finitely generated by its global sections and that 
H 2 (T X ) = i^C^PO) = 0. Then X is smoothable. Moreover, if Def(X) 
is smooth then the converse is also true. 

Proof. The second part is [Tzi09a[ Theorem 12.5]. We proceed to show the first 
part. Let /: X — » A be a smoothing of X such that X is smooth, where A = 
Spec(i?), (R,mn) is a discrete valuation ring. Let T 1 (<Y/A) = £xt x (fl x / A , O x ) 
be Schlessinger's relative T 1 sheaf. Then dualizing the exact sequence 

o -» f*uJA = o x ^n x ^ n x/A o 

we get the exact sequence 

► O x - T\X/A) -» £xt x (n x , O x ) = 

Now restricting to the special fiber and taking into consideration that X®B,R/m r = 
X and that T 1 (X/A)® R R/m R = T X (X) |Tzi09a| Lemma 7.7], we get that there is 
a surjection Ox T 1 (X). Moreover, T 1 (X) is a line bundle on the singular locus 
Z of X. Hence, restricting on Z it follows that T X (X) = Oz, as claimed. □ 

Remark 5.2. The condition T 1 (X) = Oz is equivalent to Friedman's d-semistability 
condition in the case of reducible simple normal crossing schemes [Fr83j . One of 
the natural questions raised by Friedman is whether this condition is sufficient for a 
simple normal crossing variety to be smoothable. He showed that in the case of K3 
surfaces this is true but Persson and Pinkham have shown that this is not true in 
general [PiPe83] . However this is true in the case of normal crossing (not necessar- 
ily reducible) Fano schemes with at most double points, as shown by Theorem 15.41 
below. 

Theorem 5.3. Let X be a scheme with normal crossing singularities of dimension 
at most 3. Suppose that T l (X) is generated by global sections and that H 1 (T 1 (X)) = 
0. Then X is smoothable. 

Proof. The theorem follows directly from Theorem l4.5l and Proposition [STTl 2. □ 

Theorem 5.4. Let X be a scheme, of any dimension, with double point normal 
crossing singularities. Then 

(1) IfT 1 (X) is finitely generated by its global sections, then X is smoothable. 

(2) X is smoothable by a fiat deformation X — > A with X smooth, if and only 
ifT (X) = Oz, where Z is the singular locus of X . 

Proof. The theorem follows immediately from Theorem l4 . 61 and Proposition l5.H □ 
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6. Simple normal crossing Fanos. 

As mentioned in the introduction, the case of simple normal crossing Fano vari- 
eties deserves to be treated separately. So let X be a simple normal crossing Fano 
scheme of dimension n and let Xi, 1 < i < fc, be its irreducible components, which 
by definition are smooth. In this section we study when X is smoothable and in 
particular when it is smoothable by a flat morphism / : X — > A such that X is 
smooth. The main difference between this and the general case is that now we 
can use the general theory on simple normal crossing varieties developed by Fried- 
man [Fr83J and the theory of logarithmic deformations developed by Kawamata 
and Namikawa in the complex analytic case [KawNa94J and K. Kato, F. Kato in 
the algebraic case |Ka88j . |Kat96j . 

First we study the problem of when X is smoothable and then when it is smooth- 
able with a smooth total space. Following the Friedman [Fr83 we define 

a p -.xW= [] (x io n---nx ip )^x 

io<---<ip 

Note that X^ is the normalization X of X and X^ is the normalization Z of the 
singular locus Z of X. Then X l \ is smooth of dimension n — i, for all i < n and 
there is an exact sequence |Fr83j 

(6.0.1) —> t x -> fix ->• (a )*n x io] -> (<xi)*&xii] -> ■ ■ ■ 

which extends the exact sequence (14.3.11) . Then arguing in exactly the same way 
as in the proof of Theorem 14.51 and Theorem 15.31 we find that 

Theorem 6.1. Let X be a simple normal crossing Fano scheme. Then H 2 (T X ) = 
0. Hence i/T 1 (X) is finitely generated by global sections and _ff 1 (T 1 (X)) = 0, then 
X is smoothable. 

Next we study the problem of when X admits a smoothing with a smooth total 
space. In what follows we use the theory of logarithmic deformations. For details 
and basic properties we r efer the reader to [KawNa94j and |Ka88j . |Kat96j . 

Suppose that / : X — > A is a smoothing such that X is smooth. Then by Propo- 
sition [5TU = Oz, where Z is the singular locus of X. We will study to what 
extend the converse is also true. According to Friedman |Fr83j , if T 1 (X) = Oz, then 
X is d-semistable. Therefore X admits a logarithmic structure [KawNa94 Kat96| . 
Then there is a locally free sheaf of logarithmic deformations f2x/c(l°g) such that 
£f 2 (Tx/c(log)) is an obstruction space for logarithmic deformations Ka wNa9~4l 
Theorem 2.2] , where T x/C (log) = Hom x (Q x/C (log) ,O x ). 

The next result allows us to make calculations involving £l x /c(\og). 

Proposition 6.2 ( [Fr83] ). The following sequence is exact 

-> CI x /t x -> fix/c(log) {oL\)*G x m -> (a 2 )*O x i2) ->■ ■ ■■ 
We are now able to calculate the obstruction to logarithmic deformations. 
Theorem 6.3. Let X be a simple normal crossing Fano scheme. Then 

H 2 {T x/c {\og)) = 0. 

Proof. The proof is similar to the proof of Theorem 14.51 and so we simply describe 
the main steps. By Serre duality H 2 (T x /c(logj) = H n ~ 2 (Q x /c(log) ® u) X ), where 
n = dimX. Now from (|6.0.1[) and by using the Kodaira-Nakano vanishing theorem 
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we get that H n 2 ((£lx /tx) ®wx) = 0. Now from Proposition 16.21 and by using 
Kodaira vanishing we find that iJ 2 (Tx/c(log)) = -ff"~ 2 (f2x/c(log) <8> lux) = 0. 

□ 

We now use [KawNa94 ( Corollary 2.4] to conclude that any d-semistable simple 
normal crossing Fano scheme is smoothable. 

Theorem 6.4. Let X be a simple normal crossing scheme. Then X has a smooth- 
ing /: X — y A such that X is smooth, if and only ifT 1 {X) = Oz, where Z is the 
singular locus of X . 

7. Examples. 

In this section we construct one example of a smoothable and one of a non- 
smoothable normal crossing Fano 3-fold. 

Example 7.1. Let P 6 Y c P 4 be a quadric surface with one ordinary double 
point locally analytically isomorphic to (xy — zw = 0) cC 4 . Let /: X — > Y be the 
blow up of P G Y . Then X is smooth and the /-exceptional divisor E is isomorphic 
to P 1 x P 1 . Moreover, -K x - E is ample and Af E /x = O e (-1, -1). 

Next we construct an embedding E C X 1 of E into a smooth scheme X 1 such 
that, Me/x' = Oe(1) 1) an d —Kx 1 — E is ample. Let Z C P 3 be a smooth quadric 
surface. Then A/" z/p3 = O z (2, 2). Let tt: X' -> P 3 be the cyclic double cover of P 3 
ramified over Z. This is defined by the line bundle C = Op3(l) and the section s 
of £® 2 that corresponds to Z. Let E = (^(Z))^ ^ Z. Then n*Z = 2£ and 
= 7r*(wjp3 eg) £). Let /' C 2? be one of the rulings and I = 7T*(Z'). then 

Z' • ^ = 1/2(Z' ■ tt*Z) = 1/2(7 ■ Z) = 1 

and hence Ne/x 1 = C-e(L !)• Now let y be the scheme obtained by glueing X and 
X' along E. This is a normal crossing Fano 3-fold with only double points. Then 
by ThcorcmEU T l (Y) = M E /x®^E/x' = O e . Therefore, by TheoremEl Y is 
smoothable. 

Example 7.2. Let E C X be as in example 1. Then let Y be obtained by glueing 
two copies of X along E. Then by Theorem 13. 6[ 

T\Y) = N E/X ® M E /x = Oe{~2,-2) 

and hence J ff°(T 1 (F)) = 0. Hence Y is not smoothable |Tzi09| Theorem 12.3]. In 
fact, every deformation of Y is locally trivial. 
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